Abstract -In this paper we investigate the stability of two-level operator-difference schemes in Hilbert spaces under perturbations of operators, the initial condition and right hand side of the equation. A priori estimates of the error are obtained in timeintegral norms under some natural assumptions on the perturbations of the operators.
Introduction
When the correctness of the initial-value problems for the evolution problems of mathematical physics is considered, the attention is mainly paid to the stability of the solution with respect to the initial condition and the right-hand side of the equation. In a more general case it is necessary to require the stability of solution against the perturbation of the operator (or coefficients of equation). Let us mention, for example, the widely investigated problem of coefficient stability of systems of linear equations (see [3, 4] ). This type of stability is usually called strong stability [10] . Analogous problems arise in corresponding numerical methods that approximate differential equations. In particular, application of quadrature formulas in the finite element method may cause effects of this type [1] . A priori estimates expressing the continuous dependence of the solution on the perturbations of the right-hand side and operators have been obtained for stationary problems (operator equations of the first kind) in [9, 10, 15, 17] under various assumptions. Analogous results for nonstationary problems with nonuniformly bounded operator coefficients are obtained in [7, 13, 16] . Strong stability of differential-operator equations and operator-difference schemes in Hilbert spaces were investigated in [8, 13, 14] .
In the sequel we will use the standard notation of the theory of difference schemes [10] . We consider the two-level operator-difference scheme
where A and B are constant, selfadjoint positive definite linear operators in H, generallynoncommutative, v 0 is a given element of H, f (t) is a given function and v(t) is the unknown function with values in H, and
We also consider the operator-difference scheme
where g(t) is a given mesh function with values in H. It is well known (see [10, 11] ) that the scheme (1) is stable with respect to the initial condition and the right-hand side if B 0.5τ A. Under the stronger condition
the following assertion holds. (6) where 
Lemma 1. Under the previous conditions, the solution of the operator-difference scheme (1) satisfies a priori estimates
Taking the inner product of (7) with 2τ D
−1
Av, we obtain
Choosing (comp. [12] ) ε 1 = 1 − ε/2 and ε 2 = ε/2, we get
Using the identity
after summation over the mesh, we obtain
From (7) we also obtain
Expression (4) follows from (8), (9), and (10).
Analogously, taking the inner product of (7) with 2τv, and 2τ A
Dv, one obtains
and (6) . The fractional order seminorm with respect to t can be estimated in the same way as in [5] . We begin with deriving the Fourier series for the function v(t) :
where
It is easy to check that
Presenting equation (1) in the form
multiplying it by sin kπ (t + τ /2)/T and summing over the mesh ω
Analogously we get
Using expansion (12) and the orthogonality of sines, we obtain
where θ k = 1, for k m − 1 and θ m = 1/2. In such a manner, equations (15)- (17) yield
Taking the inner product with 2a k [v] and summing with respect to k, we get
Therefrom, using (14) , the Cauchy-Bunyakovski inequality, operator inequality B −0.5τ A > D and the obvious relations 2/π sin(kπτ /(2T ))/(kπτ /(2T )) 1, we obtain the estimate
contains the value f (T ), which does not appear in (1) . Setting formally f (T ) = 0, one obtains an analogous inequality with τ
whereΩ τ is an uniform mesh in [−T, T ] with the step τ and prime over the sum denoting that the first and last sumands are taken with the weight 1/2. Obviously
Using the periodicity of the extended function v(t), the expansion (12) , and the orthogonality of cosines, we obtain 
Relations (11) and (18)- (20) yield
Expression (6) follows from (11) and (21). The lemma is proved.
Applying a similar technique, one can prove the following assertion.
Lemma 2. Under the previous conditions, the solution of operator-difference scheme (2) satisfies a priori estimates
and
Strong stability
Along with (1) and (2) let us consider analogous operator-difference schemes with the perturbed right-hand sides, initial conditions, and operators:
We deal with the problem of estimating the perturbation of the solution
with perturbations of A, D, v 0 and f (t) (or g(t) ). Let the perturbed operators satisfy the analogous assumptions as operators A, B and
As the measure of perturbations of operators we shall use the positive constant α (0 < α 1/2) in the inequalities
From (1) and (24) we obtain the following operator-difference scheme for the perturbation of the solution:
Analogously, from (2) and (25) one obtains 
under conditions (26) and (29);
under conditions (27) and (29);
under conditions (28) and (29) .
Proof. Applying a priori estimate (4) to the difference scheme (30), we obtain
The condition (29) is equivalent to the operator inequality −αD D −D αD , wherefrom we get
and (see [11] )
From (26) we obtain
From (35), (36), (37), and (4) one obtains the desired estimate (32).
Using (5) and (22) for the solution of operator-difference scheme (30), we immediately obtain
As in the previous case, from (29)we have
The condition (27) is analogous to (29). In such a way, we have αA A −Ã + 2αA 3αA, (1 + α)
, (3α)
Relation (33) follows from (38), (39), (40) and (5).
Applying (6) and (33) for the solution of operator-difference scheme (30) we obtain a priori estimate
Using (28) and (29), we obtain
From (41), (39), (42) and (6) follows (34). The theorem is proved.
Analogously one can prove the following assertion.
Theorem 2. The perturbation of the solution of operator-difference scheme (2) satisfies a priori estimates
, under conditions (27) and (29);
, under conditions (28) and (29).
Examples
Example 1. Let us consider the two-level weighted difference scheme
that approximates the one-dimensional heat transfer equation. Here v 1 + ε) is the weight parameter, ω h is the uniform mesh in (0, 1) with the step 
Let us also denote (v, w] = h x∈ω
and ω hτ = ω h × ω τ and introduce the discrete Sobolev norms:
The following inequalities hold (see [2] ):
In such a way, inequalities (4), (5), and (6) 
The problem (46) can be represented in the form of (24), whereÃw = − ã wx x ,B = E + 0.5τ (1 + ε)Ã andD = D = E. Using (44) and (45), inequalities (32), (33), and (34) can be transformed to
In this case, the condition (29) is trivially satisfied. Let us check the conditions (26)-(28).
From the identity
one immediately concludes that under condition (47) the condition (27) is satisfied with α = α 1 /c 0 . Analogously, using the equality
and (45), we obtain that under conditions (47) and (48) andÃ, we obtain
The second inequality in (54) follows from
and the identities
In such a way, taking into account (53), for proving the first inequality in (54) it is sufficient to show that (Aw, w) C Aw Lemma is proved.
In such a manner, inequalities (4), (5), and (6) express the stability of the problem (50) in the mesh spaces W 
The problem (56) can be represented in the form of (24), whereÃw = − ã wx x ,Bw = (c +Kδ)w + 0.5τ (1 + ε)Ãw andDw = (c +Kδ)w. 
